Suppose H is a complete m-partite graph K m (n 1 , n 2 , . . . , n m ) with vertex set V and m independent sets
Theorem 1.1 ([2,3,13-15,17,18] ). For k ≥ 3 and u ≥ 2, there exists a (k, 1)-RCGDD of type g u if and only if g(u − 1) ≡ 0 (mod 2), gu ≡ 0 (mod k), k ≡ 0 (mod 2) if u = 2, and (g, u, k) ̸ ∈ {(2, 3, 3) , (6, 3, 3) , (2, 6, 3) , (6, 2, 6) (V , G, C) in which the collection C of cycles can be partitioned into holey 2-factors, each holey 2-factor being a 2-regular graph on the vertex set V \ G j for some G j ∈ G.
Actually, a (J, λ)-cycle frame is a (J, λ)-CGDD whose cycle set can be partitioned into holey 2-factors, each of which omits one group in the group set. It is not difficult to show that if there exists a (k, λ)-cycle frame of type g Cycle frames have been proved to be useful for the construction of resolvable cycle systems [6, 10, 14, 15] . Below are some known results on (k, λ)-cycle frames. In this paper, we shall mainly consider (k, λ)-cycle frames of type g u with k = 4, 5, 6. We shall prove the following main result.
Theorem 1.5.
There exists a (k, λ)-cycle frame of type g u for k ∈ {4, 5, 6} if and only if g(u − 1) ≡ 0 (mod k), λg ≡ 0 (mod 2), u ≥ 3 when k ∈ {4, 6}, u ≥ 4 when k = 5, and (k, λ, g, u) ̸ = (6, 1, 6, 3).
Cycle frames can also be applied to construct almost resolvable cycle systems which have been considered by Lindner et al. recently. So, we shall investigate the existence of almost resolvable cycle systems in this paper.
A k-cycle system of order n is a pair (V , C), where C is a collection of k-cycles which partition the edges of K n with vertex set V . Clearly, a k-cycle system of order n is a (k, 1)-CGDD of type 1 n . A k-cycle system of order n exists if and only if 3 ≤ k ≤ n, n ≡ 1 (mod 2) and n(n − 1) ≡ 0 (mod 2k) [1, 19] . A resolvable k-cycle system of order n exists if and only if 3 ≤ k ≤ n, n and k are odd, and n ≡ 0 (mod k) [2] .
If (V , C) is a k-cycle system of order n and n ≡ 1 (mod 2k), then the k-cycle system is not resolvable. In this case, Hanani, Vanstone, Lindner et al. started the research of the existence of an almost resolvable k-cycle system. A collection of (n − 1)/k disjoint k-cycles is called an almost parallel class. In a k-cycle system of order n ≡ 1 (mod 2k), the maximum possible number of almost parallel classes is (n − 1)/2 in which case a half-parallel class containing (n − 1)/2k disjoint k-cycles is left over. A k-cycle system of order n whose cycle set can be partitioned into (n − 1)/2 almost parallel classes and a half-parallel class is called an almost resolvable k-cycle system, denoted by k-ARCS(n). Lindner et al. have considered the general existence problem of almost resolvable k-cycle system from the commutative quasigroup for k ≡ 0 (mod 2). We summarize the known results for k-ARCS(n)s as follow. Theorem 1.6 ([8,9,16,21] ). There exists a k-ARCS(2kt + 1) for k ∈ {3, 4, 6, 10, 14} and t ≥ 1, except for (k, t) ∈ {(3, 1), (3, 2) , (4, 1)} and except possibly for (k, t) ∈ {(4, 5), (4, 7), (14, 2)}. In this paper, we give a recursive construction by using cycle frames which can also be applied when k ≡ 1 (mod 2). Thus, we can prove the existence of an almost resolvable cycle system k-ARCS(2kt + 1) with k ∈ {5, 7, 8, 9} as the application of cycle frames. We shall update the known results and prove the following theorem. Theorem 1.8. Let k ≥ 3, t ≥ 1 be integers and n = 2kt + 1. There exists a k-ARCS(n) for k ∈ {3, 4, 5, 6, 7, 8, 9 , 10, 14}, except for (k, n) ∈ {(3, 7), (3, 13) , (4, 9)} and except possibly for (k, n) ∈ {(4, 41), (4, 57) , (8, 33) , (14, 57)}.
Recursive constructions
For the recursive constructions of cycle frames, we start with the definition of a group divisible design.
Let K be a set of positive integers. Suppose H is a complete m-partite graph K m (n 1 , n 2 , . . . , n m ) with vertex set V and m independent sets G 1 , G 2 , . . . , G m of n 1 , n 2 , . . . , n m vertices respectively. Let G = {G 1 , G 2 , . . . , G m }. If the edges of λH can be partitioned into a set B of complete graphs with the numbers of their vertices from K , then (V , G, B) is called a group divisible design with index λ, denoted by (K , λ)-GDD. When K = {k}, we write (K , λ)-GDD as (k, λ)-GDD. The type of the GDD (V , G, B) is the multiset of sizes |G| of the G ∈ G and we usually use the ''exponential'' notation for its description as that in the definition of CGDD.
in which B can be partitioned into holey parallel classes, each holey parallel class being a partition of V \ G j for some G j ∈ G. Obviously, a (3, λ)-frame is also a (3, λ)-cycle frame. For later use, we need the following known results on pairwise balanced designs and (2, λ)-frames.
Theorem 2.1 ([7]
). There exists a (K , 1, v)-PBD for the following parameters. 
Suppose the jth cycle in the ith 2-factor of the known 
Now, we are in the position to give our recursive constructions for cycle frames. The proofs of the following constructions are similar to some well-known recursive constructions for frames or group divisible designs, see [2, 4, 7, 11, 20] . So, we just state them without proof. 
Construction 2.6 (Fundamental Cycle Frame Construction
, and g(u − 1) ≡ 0 (mod 4).
Proof.
We distinguish the necessary conditions into the following two cases.
(1) g ≡ 0 (mod 4) and u ≥ 3. Let g = 4m. We first prove the case m = 
(5, λ)-cycle frames
In this section, we investigate the existence of (5, λ)-cycle frames of type g u . First we construct some cycle frames which will be used as input designs for recursive constructions. Proof. Let the point set be V = Z u and the group set be {{i} : 0 ≤ i ≤ u−1}. The required u holey 2-factors will be generated from the initial holey 2-factor F u 0 by +1 mod u. Proof. We distinguish the necessary conditions into the following two cases. 
(6, λ)-cycle frames
In this section, we deal with the existence of a (6, λ)-cycle frame of type g u . We begin with some direct constructions for small designs.
Lemma 5.1. There exists a (6, 1)-cycle frame of type 2 u for u ∈ {4, 7, 10, 19}.
Proof. For u = 4, let the point set be V = Z 6 ∪ {a, b} and the group set be {{i, i + 3} : 0 ≤ i ≤ 2}  {a, b}. One holey 2-factor is (0, 1, 2, 3, 4, 5) and the other holey 2-factors will be generated from the holey 2-factor (a, 0, 4, b, 1, 3 ) by +2 mod 6.
For u = 7, 19, let the point set be V = Z 2u and the group set be {{i, i + u} : 0 ≤ i ≤ u − 1}. The required u holey 2-factors will be generated from the initial holey 2-factor F u 0 by +2 mod 2u. For u = 10, let the point set be V = Z 20 and the group set be {{i, i + 10} : 0 ≤ i ≤ 9}. The required 10 holey 2-factors will be generated from the two initial holey 2-factors F 0 and F 1 by +4 mod 20.
( Proof. Let the point set be V = Z 6u and the group set be {{i,
For u = 6, the required 18 holey 2-factors will be generated from the two initial holey 2-factors F 0 and F 1 by +4 mod 36. For other values of u, the required 3u holey 2-factors will be generated from the initial holey 2-factor F u 0 by +2 mod 6u. Proof. Let the point set be V = Z 6u and the group set be {{i,
initial holey 2-factor F u 0 will be generated from u/2 cycles by +3u mod 6u in F u . All the required 3u holey 2-factors will be generated from the initial holey 2-factor F u 0 by +i mod 6u for 0 ≤ i ≤ 3u − 1. Proof. Let the point set be V = (Z 3u−3 ×Z 2 )∪{∞ 1 , ∞ 2 , . . . , ∞ 6 } and the group set be {{i 0 , (i+u−1) Proof. Let the point set be V = Z 3u and the group set be {{i, i + u, i + 2u} : 0 ≤ i ≤ u − 1}. The required 3u holey 2-factors will be generated from the initial holey 2-factor F u 0 by +1 mod 3u, where F (7, 13, 9, 11, 8, 14) }.
Lemma 5.7.
There exists a (6, λ)-cycle frame of type 6 3 for λ = 2, 3.
Proof. Let the point set be V = Z 18 and the group set be {{i, i + 3, i + 6, i + 9, i + 12, i + 15} : 0 ≤ i ≤ 2}. For λ = 2, the required 18 holey 2-factors will be generated from the initial holey 2-factor F 0 = {(1, 2, 4, 5, 13, 8), (7, 11, 16, 14, 10, 17) } by +1 mod 18. For λ = 3, the required 27 holey 2-factors will be generated from the initial three holey 2-factors F 0 , F 1 and F 2 by +2 mod 18. For u = 8, we first construct a (7, 1)-cycle frame of type 2 8 . Let the point set be V = Z 16 and the group set be {{i, i + 8} : 0 ≤ i ≤ 7}. The required 8 holey 2-factors will be generated from the initial holey 2-factor { (1, 2, 4, 7, 3, 13, 6 ), (9, 10, 12, 15, 11, 5, 14) } by +i mod 16, i = 0, 1, 2, 3, 4 Combining Theorems 1.6, 6.3 and 6.7, we have proved Theorem 1.8.
Concluding remarks
In this paper, we have solved the existence of a (k, λ)-cycle frame with type g u for 4 ≤ k ≤ 6. We also obtain some results for k ≥ 7. These results lead to some progress on the existence of a k-ARCS(2k + 1). Cycle frames also play a significant role in the construction for the well-known Oberwolfach Problems, see [6, 14, 15] (for n odd) or K n minus a 1-factor (for n even) can be partitioned into isomorphic 2-factors such that each 2-factor consists of exactly α i cycles of length m i . The problem was formulated by Ringel at a graph theory conference in 1967. With these cycle frames constructed in this paper, we can obtain some new OPs by using the recursive constructions in [6, 14, 15] . For example, we have solved the existence of an OP(5 a , s 1 ) for 3 ≤ s ≤ 7 completely. Thus, it is necessary to research the existence of cycle frames. Currently, we just get some results with small cycle size k. The general problem is to show the existence of a (k, λ)-cycle frames for any k ≥ 7 and λ ≥ 1.
